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I n  t h e  case  of  i n p a c t s  (Ti?, 1, 2, 25 t o p )  t h e  

Zree s u r f z c e ,  d u r i n c  t h e  p e r i o d  of tiae u n d e r  c o n s i d e r a t i o n ,  

c o n s i s t s  of t h e  szme l i o u i d  p a r t i c l e s ,  If a c o n t o u r  

exists betvieen t h e  f r e e  s u r f a c e  and t h e  body, this will b e  

formed alone i t s  whole l e p g t h  of " p e a k s "  (edges of  l i q u i d  

wedqes)  f ip . :  7. T h e s e  p e a k s  f r e q u e n t l y  d e z e o e r a t e  t o  1 

s p l a s h e s  w h i c h  s a g  b e  i c t e r p r e z e d  es the expres s io r .  of 

t h e  momentum. " G e s t r o y e d "  by  t h e  impact,  I m p a c t  p r o c e s s e s  

a r e  d e t e r r c i n e d  u n i q u e l y  by t h e  i n i t i a l  motior, o f  t h e  

l i o n i d  and t h e  c o u r s e  of t h e  iiovement or" -:he b.o:i;r. 

I n   slidi in^" p r o c e s s e s  ( f i r ls .  26 ) t h e r e  

a r e  r e g i o n s  d o n ?  t h e  c o n t o u r  betvreea the swfaces  of t h e  

body and  of t h e  l i q u i d  ( e - ? .  s i i d i n r '  edires),  d o n ?  w h i c h  

n e w  l i q u i d  p a r t i c l e s  come t o  t h e  s u r f a c e .  For t h e  

d e t e r m i n e t i o n  of s l i d i n 2  p r o c e s s e s ,  i n  addition t o  th.e 

d a t a  r e l a t i v e  t o  t h e ' i n i l i a l  m v e m e n t  of the l i a i r i d  and 

of t h e  mot ion  of t h e  body, c e r t a i n  zssumptior is  z r e  

n q c e s s a r y  w i t h  r e g a r d  t o  t h e  p o s i t . i o n  o f  t h e  p o i n t  o f  

d i v e r s i o r .  o f  ' t h e  flow from the  sclrface o f  the body, I f ,  

v i t i n i n  the r e T i o n  o f  t h e  f low tLere i s  a nrc,;ectin:' erice, 

and if i n f i n i t e i y  ? r ea t  rie:5ati.re ;:rcssure, 7 .  zs I m . be 

i s  zn  approximat ion ,  wLich q i v e s  accurate r e s u l t s  o n l y  

i n  t h e  1 i : n i t i n r r  crtse of ,in f i n %  t e l y  s i n a l l  r ; p l a s h  t h i ckness .  



r n  fhe processes of  s l i c i i n q  Ea,? b e  conparcd  w i t h  

t h s  moLioz’r o f  f l c l i d  past a bod:r from wkieh  a s h e e t  o f  

v o r t i c i t y  treaics away, %he d e t e r m i n z t i o n ’ o f  tLe , . 
tancential v e l o c i t y  of the f r e s h  ‘ l i q u i d  p a r t i c l e s  arrivinq 

a t  the s u r f a c e  i s  analo!?ous to  tile d e t e r a i m t i o n  of the 

s t r e n g t h  of v o r t i c i t y  of the newly-formed v o r t e x  f i l a m e n t s .  

A d e t a i l e d  a n a l y s i s  will b e  mede of t h e  motion of bodies 

w i t h  i n f i n i t e l y  f l z t  botton: o n ‘ t t i e  s u r f a c e  of t h e  1 i q u i . d  

(gig. i2).. In  t h e  e a r l i e r  niethod of t r e a t m e n t  of t h e  

p r o t i l e u  b y  means of pressure p o i n t s  a c c o u n t  was t a k e n  

of  t h e  a c c e l e r a t i o n  3ue t o  c r a v i t y  and an e x p l a n z t i o n  

o b t a i n e d  of fora.  Owing t o  n e g l e c t  of t h e  

d i s c o n t i n u i t y  ( s p l a s h ) ‘  a t  t h e  forward edge however, the 

niethod r e n d e r e d  i t  oossi’ole  o n l y  i n  s p e c i a l  csses, t? 

d e r i v e  an  i n t e r p r e t a t i o n  of t h e  flow processes n e a r  the 

body and t o  o b t a i n  a c o r r e c t  c a l c u l a t i o n  of t h e  resistance, 

I n  t h e  p r e s e n t  p a p e r  i t  i s  shown t h a t ,  i n  t h e  l i m i t i n g  

case under c o n s i i i e r a t i o n ,  t h e  un i fo rm o r  v a r i a b l e  s l i d i n g  

o r  impact m o t i o n c  of a f l a t  bo t tom O R  t h e f ? e e  s u r f a c e  are 

d e t e r m i n e d  by t h e  “ e q u i v a l e n t  a e r o f o i l  m o t i o n s ” L  Excep t  

i n  t h e  r e ? i o n  of t h e ‘ s p l a s t ,  the seme pressure e x i s t s  

a t  t h e  p r e s s u r e  surface of t h e  hottom a s  a t  t h e  p r e s s u r e  

side of t h e  e q u i v a l e n t  ‘ a e r o f o i l ;  i n s t e a d  of t h e  suction 

--------------------------------------------I-- 

X X  Lamb - Rydrodynaniw.  p p .  64C: e t  seq. ( e s p - f i z .  p.1451). 

and p p .  4.37 e t  seO.1 



w h i c h  o c e u r s  i n  the case ~f t h e  a e r o f o i l ,  a splash i s  

ih rovm o f f  a t  t h e  edge of tLc 7ressure surface, the 

ener.?y of w h i c h  corresponds t o  t h e  increase  i n  Jra;; , 
r e s u i t i n p  from. t h e  reifi0vZ.l of the suction force,  

bhereas i n  the case  o f  th t :  a e r o f o i l  t h e  draq ( i n d u c e d  

(Ira:): d e p e n d s  o n l y  on the l i f t ,  i n  the case of the bottom 

tbe a d d i t i o n a l  r e s i s t a n c e  d u e  t o  the l o s s  of the s u c t i o n  

v a r i e s  even  v:ith the s z n e  buoyancy fo r  a i f f e r e n t  s h a p e s  

of bot tom,,  A few examples will show how the  boundary  

c o n d i t i o n  f o r  t h e  c o n t o u r  of t h e  ppessure sur face  ( r i s e  

o f  tile l i q u i d  p a r t i c l e s  equai t o  ttie ilei’pi-it o f  t h e  

bottom, cf . :  para .  10,) Ray b e  f u l f i l l e d ,  
I 

In a d d i t i o n ,  e c u a t i o n s  a re  f o u n d  f o r  two dimen- 

. s i o n a i  l i q u i d  mot ion  w i t h  free s a r f a c e  vhen a c e n t f e  o f  

’ s i m i l i t u d e  is p r e s e n t ,  Bxampfes of suck  notion ere : 

The two-dimens iona l  p r c b l e m  o f  tbe . p e n e t r a t i o n  of a 

wedge a t  c o n s t a n t  speed  V ,  i r , t o  a l i q u i d  with i n i t i a l l y  

i?. p l a n e  o r  wedze-shaped sa r fzce  (fi:s, 2, 26, 23) and t h e  

a x i a l l y  symmetrical problem cf  the p e n e t r a t i o n  of a coBe 

a t  c o n s t a n t  s p e e d  i n t o  a l i q u i d  P;itii i n i t i a l l y  a p l z n e  

o r  c o n i c a l  s u r f a c e ,  . -  

P i n a l l y  the case, which, as  f a r  as t h e  w i t c r  

i s  aware, has n o t  t r i t h e r t o  b e e n  flezlt with, of t h e  u n i f o r m  

g l i d e  of a flat plate i s  c a l c u l a t e d  ( t w o - d i a e n s i o n a l  

prbi;lem, finite ang1.e of incidence)  ,, 



5 .  

&@QL++ Scalar,  i n  L a t i r ,  o r  Greek  letters;. vectors 

in German l e t t e r s  : 

t =. time: 

cp = velocity p o t e n t i a l .  

V =. qrad ;O, v = v e l o c i t y  of t h e  l i q u i d ,  

ClD t =. S t o k e s '  operator ( f o r  t h e  s u b s t a n t i a :  

v dr i a t ion)', 

C .  fL 5 =. U n i t  vec tor  p e r p e n d i c u l a r  t o  :be surface,  
I 

* v,,.,, . v i  ~ =. -ire. ,)= noma1 j Components of t h e  veloc i ty  

=. t a n g e n t i a l  \ of t h e  l i q u i d  at' t h a ' s u r f a c e ,  3 '  l 

=. t r a n s l a t i o n a l  v e l o c i t y  of a r i g i d  body. 
/ 

v 
vn = norrrtzl v e l o c i t y  of the c o n t o u r  of a b'ody 

. ( g e n e r a l l y  v a r y i n e  its form) 

- *P. . I  I - - * spec i f ic  d s n s i t j r  of t h e  l i q u i d :  

.* F u r t b e r ,  f o r  t h e  two-diroinsional  p rob lem of f l u i d  n o t i o n ?  

. -  

1 .  a =, anGle of i n c l i n a t i o n  of 'the s u r f a c e l i n  
I 

< e n e r a 1  w i t h  reference t o .  t h e  i n i t i a l  

gf'ane surf ace) 

. s  =s Length of 2rc of the surface. 

* -  - U n i t '  vector in t h e  d i r e c t i o r ,  of the 7L- t 
tangent to  t h e  sur face .  

13/ - - . flow funct ion ,  

z =, x t i y = complex co-ordinate,, 

w ,=. 9 + i -9; a. complex  f low f u n c t i o n .  . .  

r!W -- =.. Px - i V - 
. . dz - cmfiplex velocity. 
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2. B ~ j ~ d ~ ~ , ~ & & i n p ,  The i n t e r p r e t i o n  of :'he 

g e o r n e t r i c z l  boundary c o n d i t i o n  i n  t h e  sense employed 

b l o w  is, t h a t  a t  t h e  surface of t h e  l i q u i d  ( a t  t h e  

body and a t  t h e  free s u r f a c e )  t h e  normal  v e l o c i t y  Vn 

of t h e  l i q u i d  i s  equal  t o  t h e  t r a n s l a t i o n a l  velocity of 

the surface p e r p e n d i c u l a r  t o  itself A t  t h e  f ree  

surface t h i s  i s  f r e q u e n t l y  r e p l a c e d  i n  t h e  two-dimeusional  

p rob lem by  i t s  d i f f e r e n t i a l  forin 

., 

f i g *  3)'0 

b u t  t h e  o r i g i n a l  c o n d i t i o n  itself must  %hen b e  s a t i s f i e d  

a t  one point , ,  

3 Foo t  Eote. c f ,  Lamb: loco tit, 

.% Use i s  made of a/as, b e c a u s e  h e r e  and i n  a l l  

. subsequent data on the run of t h e  v a i o c i t y  a t L t h e  

suxface, t h e  veloc i ty  of t h e  l i q u i d  p a r t i c l e s  of t h e  

surface i t se l f  o n l y  w i l l  b e  c o n s i d e r e d ,  



surfsce of constan: 'presnure,  t he  pressure  g r a d i e n t  and 

consequecTlg t h e -  a c c e l e r a t i o n  E . i i  is p e r p e n d i c u l a r  

to t h e  free s u r f w e .  Hence f o r  t h e  two--dimensional 

E t  

or w i t h  
., 1 

0 :I cor  
'f'n _a- 

,,,-% = 
D t  D t  

I n  t h e  t w o - d i n a n s i o c a l  problem also,  D 7'6, / Dt, 

owing to the i e o n e t r i m l  bsruladsry eonaition, is "determined 

by 3 0  at. t h e  f ree  surface. 



3 ,  

. l'he dyna r t i c  boundary condition .-. -. - 
2v; i i 1 7 5 ,  -- 

I I 
I = 3 i s  expressed i u  the  forin, 

2. Goundary c o n d i t i o n  w i t h  d i s c o n t i n u o u s  c u r v a t u r e  -... _-I_.---I -9_.--.----- --A. ---. --.----I.------ -I- -.--a 

F r  e l  i n !  i n a r y  c o n s  i a e  r" a t i o  n ; For a Swo-d i x e n s i o n a l  
r 

problem of f l u i d  motion t a k e  Liie fo i lowinq  as hypcik ter , i s  

( f i q . 4 ) :  

forn; or" the s u r f a c e  move p z r a i l e l  t o  i e s e d f  a t  5: v c l o c i t y  

i n v a r i a b l e  i n  time, All l i q u i d  p a r t i c l e s  s i t u a t e d  tit t h e  

i)n a p o r t i o n  e: of t h e  free sui . face,  l e t  i.h(; 

Cl " 
~ [ j  
1 

b e k i n a i n 2  3 of 6. should, a t  ' t h i s  p o s i t i o n ,  h a v e  the Laze 

v e l o c i t y  $7 E *. 

fie peoae t r ica l  boundary c o n d i t i o n ,  

a l o n g  's, t h e  "relative" v e l o c i t y  of t h e  l i q u i d  p a r t i c l e s  

is I L ~  LJ = . m - i w ,  , where 1-1 i s  t h e  amount. o f  t h e  

r e l a t i v e  v e l o c i t y .  by p u t t i n ?  $4 froin t h i s  i n t o  thB' 
I 

,, dynamic boundary e p u a t i o n  (2) vae e e t  ij :I / 3 t  = 0, 



3 .  

p a r t i c l e  i n  i t s  novement along aib . Since a t  p o i n t  E, 

= * j 7 Q B  - %)I[ i s  of tie stime v a l u e  fo r  a l l  t h e  

liquid pa:-iicles, i t  fo l lows  from the h y p o t h e s i s  t i a t  

U i s  constant a l o n g '  a,. 

This c o n s i d e r a t i o n  will .'.e a p p l i e d  to gn - -  
( i n f i n i t e l y )  s m s t l l  r e g i o n  s R  -7 3 ,  a loag  wh.ich t h e  

i n c l i n a t i o n  of t h e  f r e e  s u r f a c e  i n  R e n e r a l  d i f f e r s  by a 

f i n i t e  a n 2 l e  ( f i 2 a 5 ) v  A t  t h e  s u r f a c e  adjacent  t o  E 

o u t s i d e  E&, l e t  t i l e  c g r v a t u r e  of t h e  s u r f a c e  and t h e  

v e l o c i t y  f i e l d  v a r y  c o n t i n u o u s l y  and  c o n t i n u o u s l y  i n  ~ 

time, ' ihe d i s p l a c e m e n t  of t h i s  re$ion 6% w i t h  a 

c o n t i n u o u s l y  v a r i a b l e  v e l o c i t y  %)? , i s  ci.viln b y  t h e  

f o r e g o i n r j  c o n s i d e r a t , i c n :  i f  t h e  fo rm of t h e  surface 8 s  
.. 

v a r i e s  c o n t i n u o u s l y  on 2 ( f i n i t e )  p a t h  A x, t h e n  al0n.g 

S a  a t  a n y  moment J d i f f e r s  from a c o n s t a n t  v z l u e  o n l y  

b Y A L J #  !L!! ' b.2ing sual l  as - C)r b r i e f l y ;  
8 %  

LI 1 

Foot Note ,  i.e. t h e  s u r f a c e  i n c r e a s e d  i n  t h e  s c a l e  

118, s~ioulci r e t a i n  i t s  c h a r a c t e r  ( a t  l e a s t  i n  p a r t )  cf 

a so;ooth c u r v e , :  I t  should also b e  p o s s i b l e  to select 

on a n  i n f i n i t e  sequence of p o i n t s  ( i n t e r v a l  A )  so t h a t '  

on  t h e  p a t h  ii every 0 e x p e r i e n c e s  a r o t a t i o n ,  COR- . 
t i n u o u s l y  v a r i a b l e  i n  tilne of a ( g e n e r a l l y ) :  finite angle, 

I 



10 0 

/ cni form f l o n ,  ----- ...I----...- 
k i t h  c o r r e s p o n d i n ?  c o c d i t i o u s  of  cor, t i n u i t y ,  t h i s  

c o n s i d e r a t i o n  may b e  io rmula ted  a l s o  for the t h r e e - d i m e n -  



r2 from o the r  dis-continuities or from t h e .  snrf2.ce of t h e  -----.------I-- -- ----PI---- .----- - -------- ---------7 

( f i e .  71, when along 6 %  / 2 t h e  contonr  of t h e  body and 

of %Fie f r ee  surface .is c o n t i n u . > u s l y  curved  and when t h e  

normal v a i a c i t y  V,,. a t  t h e  bod; is cont i r .uons  and  

c o n t i a u c u S l y  var ia t l le  in tine, t b a t :  



1.2 ., 

. 

where F i s  t t e  complex aux i1 i : i ry  p l a n e ,  I; - AJ i s  

t h e  v : : loc i iy  a t  the f r ee  s u r f a c e  ana 6 t h e  t h ~ c k n t s s  of the 

splash we get  : 

,---.- 
I 

n 



13 

The maxinun P . ~ E S S : - P ~  p m x x  = G 2  , oc,c!zr~ 

Tr' L e t  t h e  position -c = -1, hence x = 3 . .  I Lie pressure 

P, on t h e  p c p t l ~ n  of t h e  bo,$toz betweer. x and > =, f a 

hence  z 5 
. a c c o r d i n q  t o  e q u a t i o n  (3 ) .  - --2 - ;. 

r R 

f o r  

If 8 c o n s t a n t  v e l o c i t y  v ,  i s  s u p e r p o s e d  on the 

f low ( f i g *  t i? ,  a f l o w  . , o n - s t a t i o n a r y p i n  th'e s t r i c t  sense 

of t h e  word, i s  p roduced  w i t h o u t  zny c h a n c e  t a k i n g  plage 

in t h e  pressure d i s t r i b u t i o n ,  I f ,  i n  p a r t i c u l a r  a 

v e l o c i t y  v ,  = u i n  t h e  d i r e c t i o n  of  t h e  hot'torn, i s  

s u p e r p o s e d  (fig, 9), and hence according t o  e q u a t i o n  7, 

t h e  t a n g e n t i a l  velocity a i  tt:: f r ee  s u r f a c e  a t  a s u f f i c i e n t  

d i s t a n c e  from the s p l a s h  will be ze ro .  For z and T of 

such v a l u e  t h a t  Zn -r i s  i?er!li;rible i n  r e l a t i o n  t o  v/7 

e q u a t i o n  ( I ; ) ,  t a k i n g  i n t c  a c c o u n t  e q u a t i o n  (8) i s  

t r a n s f o r m e d  into the form 



.A flovs s ia i la r  t, - e t  described h e r e  will occur 

I n  a s a A l  r e Z i o n  i n  e v e r y  case of iffipact o r  g l i d e ;  

E&ainz,adge- Let u s  a p p l y  theo rem .2 t o  the 

f r e e  surf a c e  b e h i n d  a < l i d i r , <  edge ,  &.sumin!! c o n t i n u o u s  

c c r v a t u r e  o f  t h e  s u r f a c e  of t h e  body a't this p o i n t ,  t h e  

------ r e l e t i v e  flow i n  a r e g i o n  of  ( i n f i n i t e l y ) :  small z 

( f a J 0 )  i s  g i v e n  by: 

he nl:e; 
A 0 ; AU, 

A i s  a c o n s t a n t  d e t e r E i n i n g  t h e  s c a l e ,  U is t h e  r e l a t i v e  

t a n g e n t i a l  v e l o c i t y ,  

4 e g_nigu_gQe.&. 

C o n s i d e r  t h e  case of an  &g~act, i n  which a t  t h e  

time t =. 0, t h e  form of t l ,e.free s u r f a c e  and t h e  surface 

of t h e  body and t h e  v e l o c i t y  f i e l d  c\f t h e  f l u i d  a r e  Ziven, :  

Let t h e  v e l o c i t y  of t h e  movine boundary  of t h e  s u r f a c e  of 

t h e  body ZV,): b e  q i v e n  f o r  t"l 3 ,  I f  i n  t h e  c o u r s e  of 

time n o  new f l u i d  p a r t i c l e s  r e a c h  t h e  s u r f a c e & ( i m p a c t ) ,  

t h e  c o u r s e  of t h e  flow i n  time is u n i q u e l y  d e t e r m i n e d  by 

. t h e s e  data, s i n c e :  

K i t h  g i v e n  v e l o c i t y  field ( h e n c e  also v4): a t  

t h e  time t, the foi-m of ' the  surface a t  t h e  time t f d t  



is u r i i q u e l y  detei-i..ii:able, Ai t h z  surfs.ce Of the body, 

zcca rd ing  io h y p o t h e s i s  JrG is also c i v e n  a t  t h e  time 

t + dt:  Lt the ;ref surface,  a% t h e  time t + dt 
(theorem .I>: ~ 7 %  211d h e n c e  with s i r c p l p  - c o n n e c t e d  

sarfiice, rp a l s o  ( e x c e p t  f o r  an i n s i $ n i f i c z n t  constant) 

are  u n i a u e l y  d e t e r m i n a b l e .  Sy in 'xa~s of these d a t a  V, 

and v >  the velo--?*.p f i e l d  of  t h e  f l u i d  at t h e  time 

t .t d t  and hence z l s o  va a t  t h e  f r e e  surface msry b e  

u n i q u e l y  d e t e r m i n e d  and so o n ,  f c r  a l l  s u b s e q u e n t  d t .  

Drily t h e  d i s c o n t i n u i t i e s  (besides s l i d i n g  e d c e s )  

d e f i u e d  e a r l i e r  however :day appear ,  ?'his proof mag be 

a p p l i e d  for t h e  a c t u a l  c a l c y l s t i o n  o f  rleneral cases 

(even when h i z h l j r  ir,volveti). of nom-stat ionary impacts. 

In the  case of s l i d i n g ,  as shown in fit- 13, 

i t  i s  i a n a t e r l z l  as f a r  as t h e  flow i n  the n e i e h b o u r h o o d  

of tke p o i n t  of d i v e r s i o n  i s  c o n c e r n e d ,  d i e t h e r  t h e  

latter i s  a s l i d i n g  edge o r  w h e t h e ?  th;  bottom a f t  oI" 

t h e  p o i n t  of d i v e r s i o n  e x t e n d s  i n  a c o n t i n u o u s  curve:  

ii i n  t h e  l a t t e r  c a s e  tile v a r i a t i o n  i n  time of the 

position ~f t b e  poict'of d i v e r s i o n  i s  g i v e n ,  the ,two 

La& loc. ci.+,, reg§ .  



.7 problains a r e  e y u i v z i e n t  --. 
The vrrj.teP consiciers t h a t  beyond d.ov.bt a s l i d e  

f 

. nzy b e  u n i q u e l y  i i e t e rn i i i nd  ii" p a r t i c u l a r s  of t h e  s u r f a c e  

and the v e l o c i t y  f i e l d  =f t h e  f l u i d  a t  t h e  t i q e  t 3 ,  

t h e  r u n  of t h e  con.'covr of The body m d  t h e  p o s i t i o n  

oi t h e  p o i n t  o_C d i v s r s i o r .  f o r  i; 2 . 3  ar.: ? i v e s ,  In t h e  

proof u s e d  f o r  impacts  I;ov:e~7er the f o l l o w i n g  d i . f f i c . ; l t y  i s  

enco un t e r ed 

Curing the tima d t ,  a new p o r t i o n  09 the iree 

s u r f a c e  Lzs f o r m e d ,  t h e  tznqea tial v e l c c i t y  o f  n h i c h  is not  

* i n  t h e  case of a c o n t i n u o u s l y  c v r v e d  b ~ > t t o n  i s  s u b j e c t  

t o  the l i m i t i n g  c o n d i t i o n ,  tha t  the i ' l r j n  i s  d i v e r t e d  
I 

o_sty;.g.rl..8g, Prom t h e  s u r f a c e  of t h e  b o t t c z u .  This, 

acccyaine to t he  E Z O ; ~  in r ip . ,  73,  i s  a s s o c i a t e d  with a 

r i ; e  of p r e s s u r e  i n  t h e  d i r e c t i o n  o f  t h e  v d l o c i t y .  

L b v i o u s l y  the p o i n t  cf d i v e r s i o n  s h o u l d  b e  so  s e l e c t e d  

that t h i s  ris'e i n  pressure i s  a v o i d e d ,  T h i s   ma:^ b e '  

still just ch ' a inad  by t 3 e  F o s s i b l e  condi t i r3 i i  of con-. 

tinuous c u r v a t u r e  iit t h i s  p o s i t i o n  a s  a l i n Z t i r 1 2  c a s e .  

h i g h  S e y a o l d s  namber), t h e  f l u i d  i e  : lo t  S i v q r t e d ,  as  I E ~ : T  

be i n f e r r e d  Zrorn t e s t s ,  i n  h o i n e  cases till f a r  a f t e x  the 

press  Lzr e miniDum 



L s % o m i n z b l e  zc . - -d in$  to T h e o r e n  1, i t  now sppezrs 

"~'nzt t h i s  v e i o c i t y  $?., 
or" the surface i s  d e - t e m i n e d  by the flow ( f i g . W ) . :  t h e  

q u a n t i t i e s  A znd U i n  equation 15 wouid have  t o  b e  so 

.. d s t e r l n i n e d  f o r  the t i n e  t -t. i t ,  t h a t  t h i s  v e l o c i t y  f i e l d  

for t h e  i n f i n i t e l y  small porJ t ion  

* .  

n e r g c s  smoo th ly  i n t o  t h e  zd jacen t  r ec ion , :  The  writer has 

c o t  gone  into t h i s  p r o b l m .  

Risic-o_f;f the S U . & ~ L  The writer h a s  b e e n  

u n a b l e  t o  o b t a i n  e l u c i d a t i o n  on Khat  t a k e s  p i a c e  when a 

body r i s e s  off  the s u r f a c e  of t h e  l i q u i d  (figall), %hen 

i n  a region C of a wi thd rawing  bo2y su r fwe ,  d i s c o n t i o u i -  

t i e s  of 8 kind o t h e r  than t h o s e  h i t h e r t o  d e s c r i b e d  appear, 

_. 

The q u e s t i o n  of such  E1.o~ phenomena v J i ? l  n o t  b e  d i s c u s s e d  

5 DgfinAtions a;lg--&io_gs, 

Tho f l u i d  c o n p l e t e l y  f i l l i n g  h a l f  t h e  s p a c e  is 

assumed t o  possess i n i t i a l l y  a f l a t  s u r f a c e .  

assumed t o  b e  i n i t i a l l y  i n  a s ta te  of rest. 

set up  i n  t h e  f l u i d  by t h e  movernent o f  ' t h e  bo t tom oi' a 

It i s  

Woticn i s  

body on t h e  s n r f a c e  ( t h r e e - d i n e n s i o n  Ed p r o b l e n )  b - '3 e 

s h a l l  c o n s i d e r  the l i m i t i n g  case, when t h e  i n c l i n a t i o n  @ 

of  t h e  p r e s s u r e  s u r f a c e  r e l a t i v e  to t h e  i n i t i a l  ' s u r f a c e  

of the f l u i d  a t  every p o i n t  i s  i n f i n i t e l y  small .  



bein,.: cf f i n i t e  e x t e n t  i c  GVC.:*;. d i r e c t T o n ,  T h e  riori:i;il 

* v e l o c i t y  V, a t  t h e  p r e s s u r e  s u p f a c e ,  t h e  o r d e r  of raagni tuda 

of which may b e  a r b i t r a r i l y  f i x e d ,  i s  assumed to be sina.ll 

8s  The time e l a p s e d  s i n c e  t h e  i n c e p t i o n  o.f t h e  p r o c e s s ,  

d u p i n g  tpi'nich t h e  i n f i n i t e l y  small  d e p t h  of i n m e r s i o n  is 

r e a c h e d  (small, as  i s  c o n s e q u e n t l y  f i n i t e ,  

The space f i l l e d  b;- t h e  f l u i d  i s  d i v i d e d  i n t o  

t h e  followin2 r e g i o n s  (fit?: 12) e 

- p r i n c i p a l  r e g i o n  ( p r i n c i p 2 1  f l o a j  

- splash r o o t  (root flow). 

- S Q l a B h .  

T h e  boundary  r e g i o n  is common t o  t h e  p r i n c i p a l  r e g i o n  and 

splash r o o t ,  

The c o n t o a r  of t h e  pressure s u r f a c e ,  v a r i a b l e  

i n  time i s  formed ( f i g .  E)*. 

- a t  t h e  l e a d i n g  edge, i . e ,  a t  p o s i t i o n s  whzre it 

expands  ( a t  v e l o c i t y  35 , I ,  b y  t h e  s p l a s h  f o o t ,  

~ ~ a , e s u ~ ~ - a _ l , e n ~ _ a ~ ~ ~ ~ Q ~ ~ - ~ Q ~ ~ ~ ~  i s  r e g a r d e d  as 

t h e  n a n - s t a t i o n a r y .  -?'cion of an  i n f i n i t e l y  t h i n  p l a t e ,  

Khic't; a t  every i n s t a n t  possesses t h e  same form,  c o n t o u r ,  and 

v e l o c i t i e s  V,. as t h e  pressure s u r f a c e ,  i n  f l u i d  p x t e n d i n g  

i n  a l l  d i r e c t i o n s ,  a t  res t  a t  i n f i n i t y .  ( € i g e l . 2  - r i z h t ) , :  
--_1 -I-c_--- ------ ---------- --------I 

For t h e  present l i m i t i n g ' c a s e ,  Z---.*O, i t  w i l l  be' found 

that the splash r o o t  is i n f i n i t e l y  t h i n ,  



cons ide ra t i an ,  t h e  same v e l o c i t y  V, i s  zssuned  a s  b e i n ?  

produced b y  t h e  similar ,zovcment of similar p l a t e s :  
. 

Given sim:la.r 7; t h e  i d e n t i t y  of  the two 

v e l o c i t y  f i e l d s  i n  i hc  lower half-space a t  t h i s  rilorrierit 

of t i n e  follows from t h e  i d e n t i t y  and u n i q u e n e s s  of t h e  

two totxndary c o n d i  t io l i s .  

I n  t h e  sefise of t h i s  c o n p a - i s o r i ,  t h e  terns 

" v o r t e x  i n t e n s i t y "  2 i IL, vit 3 and " c i r c n l a t i o n "  

1- = ,2 .jf w i l l  b e  a p p l i e d  a l s o  in t h e  case of tile 

flow i n  t h e  ha l f - space ;  I t  aay b e  r e e d i l y  proved  t h z t :  . 
i f  %7$ snd i t s  d i r e c t i o n z l  d e r i v a t i v e  z't ' t h e  snrface i s  

c o n t i n u o u s  ( t h i s  t e i n c  t z k e n  a s  a h y p o t h e s i s ) :  arid iî  

l i k e  V,, i s  small, a s  8 ,  t h a n  *>,, a t  t h e  free 
14. I 

sirrface i s  i i lso c o n t i n u o u s  2nd. sma11,as B~ I n  c e n e r a l  

v, bezoaes d i s c o n t i n u o u s  ( i n f i n i t e 1 . y  j : r ea t )  on ly  tovrarG.s 

t h e  boundary  of thp, pressure s u r f a c e ,  

it i s  s h o m  f u r t h e r  ( f o r  ti7e s a k e  of s i m p l i c i t y ,  

f o r  t h e  two-dimens iona l  p roblem)  t h a t  t h e  t ac i t  a.ssizmption 

of i n f i n i t e l y  s m a k  i n c l i n a t i o n  of t h e  free surface is 

correct  Ii; c o n t i n u o u s  r e g i o n s ,  acnorGiri2 LO er!vztion (I), 



2 3 ,  

and sisce g=, 0, f o ,  t =. I ':e i n c i i n a t i o n  OL of t h e  f ree  

surface fs s:ialls 2s j f j ,  henca srzall, a s  8 .  T h i s  h o l d s  
I 

a l s o  f o r  t h e  t h r e e - d i m e n s i o n a l  problem,  

7 0 BEsamdG,LEJ&t&an. 
For t h e  v a r i s t . i o n  A v t  of t h e  t a n g e n t i a l  

v e l o c i t y  ?fj d u r i n q  an i n t e r v a l  of time A t ,  i n  t h e  

c o n t i n u o u s  regions a c c o r d i n g  to E q u a t i o n  (3),for t h e  two- 

d i m e n s i o n a l  problem,  the r e l a t i o n  : 

Ad A t ) .  
E pt v n  E,. d t  = f Vnda. 

E t  * V t  
. 

h o i a s .  C o n s e q u e n t l y  11 v t  i s  small, as v, A a, hence  as 

p" ,  so t h a t  i n  the d e t e r m i n a t i o n  of t h e  v e l o c i t y  f i e l d  

( f i g . :  13) from t h e  bouiidarg c o n d i t i o n s ,  i t  i s  n e g l i g i b l y  

. 
I 



Produs:ion o f  According t o  tneo re ,u  5 -I--------̂ --...---- 

only f l u i d  p a r t i c l e s  freshly a r r i v i n r :  a t  t h e  s u r f a c e  csn 

possess v e l o c i t y  dGLo As n o t e d  e a r l i e r ,  i n  General 

i n f i n i t e l y  2reai  v e i o c i  t y  ~7~ would b e  c . o n t i n c w n t  on 

a r b i t r a r i l y  ;five.n Vt? -& a t  the s l i d i n g  eki2e0 Accor d i  fig 

Lo ecuzt ion  (14) however ,  vll muyt be f i o i t e  a l o n c  t h e  

' s l i d i n g  edze. C o n s e i Z u e n t l y  t h e  nea ly -p roduced  -6,) 

f o r  any rcoment of time is determined from t h e  c o n d i t i o n  

of c o n t i n u l t g  a t  the s l i d i n g  eddeo This ,  as  a r e s u l t  of 

t h e  i d e n t i t i e s  G -  6 already shown and theorem E;, i s  . 
i&n. t ical  w i t h  t h e  c a l c u l a t i o n  of t h e  surf ace of v o r t i c i t y  

c 
i 

b e h i n d  t h e  e q u i v a l e n t  a e ro fo i l  f rom t h e  c o n d i t i o n  of  

c o n t i n u i t y  at, t h e  t r a i l i n g  edge, 

----------.-.-,-,-----------------.---------------------- 
c , f ,  Yiigner:. "Vber d i e  F n t s t e h u n g  des  dynamischen  

par; 2. 
r x x ~ o o t  i4ote; c a f e  Wa2nz.r. i o c ,  cit.:  c' I, ' T h i s  comparison 
1 

*' i s - u n i q u e ,  0~11- when t h e  determinat ion cf t h e  v o r t e x  

i n t e n s i t y  i n  t h e  aerofoil p r o b l e m  from t h e  c o n d i t i o n  o f ,  

c o n t i n u i t y  a t  the edge i s  u n i q u e .  T h i s  appears  u n q u e s -  

t i o n a b l e :  Shoal6 this however  n o t  b e  the case, e . g .  i n  

special  cases, t h e  arnbicuity would b e  expressed i n  an 

a m b i g u i t y  i n  t h e  integral e q u a t i o n  formed on t h e  b a s i s  

of this condi t ion ,  l h e  i n t e q r z l  e q u a t i o n , ( e , d ,  8): , 
Z,a,%,J; 1925 appears t o  be  uniqae . :  



i t h r o u g h  a point G f  the  l e a d i n g  &,?e, p e r p e n d i c n l a r  t o  

2nd 

diroznsions of  t h e  pressare szrfacr ,  so t h a t  t".o f l o a  i n  

t h e  i m p a c t  or s l i d i n g  p r o c e s s  i : f ~ , n t i c ~ l  ni'~;h t h e  aeroioil 

flow is p i v e n  by e q u a t i o n  ( I C ) .  b u t  :)il the other ,  i . n f , i n i t e l y  



per rc i s s ib l e ,  

.Comparison is rczde betweer t h e  i n p n c t  o r  s1idirx.i 



i d e n t i c a l  c o n d i t i o n  of corl: in;i t j-  a t  t b e  slidicrg e z q e  

an6  t.railin;f edge, i t  fo l :ows  tha t  i n  t h e  p r i u c i p a !  recirjn 

(lower ba l f - . spzce) .  i n  b o t h  ca:,ss i d e n t i c a l  fl..cir!s exi:,.t. 

o f  d i s c o n t i n u i t y  a t  t he  1esd i r :q  edge t t a t  the sr,laL:2, 

of t h e  b o t t o n  a t  every p c s i t i o n  i n  t h e ' p r i n c i p a l  r s ? i o n  i s  

exactly of tile same o rde r  ES :he on the anlie:.si,de 

of t h e  E e r c f o i l ,  lierice i n  tiii;i l i n i t i a g  case, h a l f  as 

. .  
8 



By c o m p z r i s o n  w i t h  -rhe r e s i s t . a : i c e  ?!qt o f  t h e  

e q u i v a l e n t  a e r o f o i l  t h e  s u c t i o n  force  i s  n e ? l i < i b l e ,  For 

t h e  r e s i s t a n c e  I/,<) of t h e  s l i d i n g  s u r f a c e  i n  the non- 
Tr 

s t a t i o n z r y  t h r e e 4 i m e n s i o n a l  p r o b l e m  therefore ,  the r e l a t i o n  

k o l d s  

?'ha i n t e g r a l  i s  e x t e n d e d  o v e r  a l l  e l e z e n f s  d u  

hi-& . .,, 

The s p l a s h  v o l u m e  b v r  d t  newly-produced o v e r  t h e  

u n i t  w i d t h  Au =. 1 of  t h e  s p l a s h  r o o t  i n  t h e  tinie dt, bas 

a v e l o c i t y  2v, and c o n s e q u e n t l y  a k i n . e t i c . e n e r P y  d 1' 

.4j p. 6v ,d t ,  ( 2  v, ) :~ ' ,  k i t h  e g u ; ? t i o n  (18). t h i s  becomes 

=. 



-l-- 
r. 

t o  the a b s e n c e  of 'rhhc: halr" of the s u c t i o n  f o r c e  
I: 

c o n p a r a d  w i t h  t h e  e q u i v a l e n t  se:'sfoil, appears as " n n i f i f i e d "  

k i n e t i c  e n e r e y  in the s p l a s h  water ,  
. L  

13 .: 

For t h e  l i r u i t i n c  cast: ij --.:: 3 of an i m p a c t  mo t ion  

let ',he fluid b e  assumed a s  i ~ i t i a l l y  a t  r e s t  w i t h  a f l a t  

sur!zce. Also ( f i g o 1 4 ) e  'st t h e  e l e v a t i o n  r, b 02 a l l .  

p o i n t s  p b  of t h e  b o t t o p  s u r f a c e  f o r  the whole p e r i o d  b e  

p'veti, namely n b =, rb ( t ,  ,fi-b). and t h e n c e  i t s  norma l  

v a r i a t i o n  i n  time of  t h e  con tc ju r  o f  t h e  pressure s u r f a c e s .  

t h e  r a d i u s  v e c t o r s  b! ic of t h e  cor ' cour  (fig.12) %ill b e  

Qiven  by t h e i r  v a l u e  rK ( t l  k . ) . c  By s o l u t i o r i -  o f a e  flow 

probleffi Shown i n  f i c j . ,  12 i n  t i e  known manner, the v e l o c i t y  

1 

vn ;r vn ( ?/ I t3. f o r  t h e  f ree  s u r i a c . e  i s  now o b t a i n e d .  This 

velocity i s  e x p r e s s e d  in t 'ce form v 1 -;; V,[t, :cJ -7 
--> rK. (t, A ) ]  j , t o  i n d i c a t e  t h z t  t h i s  v e l o c i t y  s t  p o s i t i o n  j r  
a t  the t i n s  t depends on t h e  g i v e n  v e l o c i t i e s  V n  a t  t h i s  

time t f o r  811 T b ,  so 1onF 2 s  ' b 1 i e s . v r i t h i n  t h e  

momentary con tour - '  r K ( t z  A )  of t h e  pressnre supface. 

I 

(\ 
1 

3- 

The 
i. 

e l e v a t i o n  of the f l a i d  p a r t i c l e s  tlleti i s  q =. f v n  d t ,  
. Q  

The f l u i d  p z r t i c l e  c o n t i n ~ e s  t.0 r i se  towards t h e  b o t t o a  

which  i t  f i n a l l y  r e a c h e s  a t  t k e  time t,, when its elevation 

has  become as great  as t h a t  of t h i s  bottolo zt t h i s  p o s i t i o n  
I 



T h i s  i n t e g r a l  e q u a t i o n ,  which . n u s t  b e  f u l f i l l e d  f o r  e v e r y  

to d o n g  t h e  whole c o n t o u r  ( h e n c e  from 4, =, 3 t o  2 R >. is 

csed f o r  t h e  d e t e r m i n a t i o n  of  rK (t, A ) o  

I n  t h e  s i i d i n q  a o t i c n ,  a c c o r d i n g  t o  h y p o t h e s i s ,  

t h e  p a t h  of t h e  s l i t i i n q  edge  i n  time i s  Riven ,  The 

c o n d i t i o n ,  e q u a t i p n  (23) a u t o n i a t i c d l y  f a l f i l l e d  a t  t h e  

s l i d i n g  e d g e  has now t o  b e  e v a l u z t e d  f o r  t h e  l e a d i n g  

&?e, k c o m p l i c a t i o n  w h i c h  a r i s e s  1.s t h a t  vil depends  

f a r the r  O R  -Mlt, wiiich i n  turG n u s t  b e  cleterJcineci from 

t h e  c o n d i t i o n  of c o n t i n u i t y  a t  the s l i d i n <  ede;, t o  b e  

fo rmulz t ed  as an i n t e g r s l  e q u a t i o r i ,  A closer  a n a l y s i s  

i s  o m i t t e d  h e r e ,  

Ti re  f o l l o w i n g  exatnples 5 i v e  . s o l u t i o n s  f o r  t h i s  

p rob lem i n  p a r t i c u l a r i y  simple cases, T h e  Central form 

of t h e  i n t e g r a l  e q u a t i o r !  will not be rcktraced;  
I 

msde over the r o o t  r e g i o n  wi thou t  f i o t i c e  b e i n g  t a k e n  

of t h e  spec ia l  form of  t h e  i i i s c d n t i n u i t y  ( r o o t  flow). 
., 



,...., 
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smail  a u a n t i t i e s  of i-ligiier o r d e r )  the f r e e  s u r f a c e  i s  

i d e n t i c a l  Y i i t i !  the  ,:+;.m l i n e  ( p a t h  l i n e )  w i , i c h  o r o c e e d s  

Sroo ' the zerofoil in t h e  c a s e  of t h a  a o v i n z  a e r o f o i l d  

The  f l o w  in the case o f  t b c  p l a t e ,  c a l c u l a t e d  

pzi-a,  1 7  passes  i n t o  t h e  f low i n d i c a t e 6  here f o r  

i30 ---1;.3, 

ti:e ~ : p i b  ic. v a r i a b l e  over L, o f  t h e  rjressure scrfacs  

. ~ t h c r  baed no serious d i f f i c u l t i e s  wouid a r i s e  i f ,  t h i s  



By vary i i lg  t h e  h e i g h t  ( a l t i t u d e ) :  of  t h e  i n d i v i d u a l  

p r o f i l e  e leaents  ( t h e  r u n  of vD).  i n  t h e  case of t h e  s l i d i n g  

surface, the form of the p r e s s u r e  surface would l i k e w i s e  

vary ,  t h e  f o r w a r d  side becornin3 immersed to a q r e a t e r  o r  

less  d i s t a n c e ;  T h e  p r e s e n t  o b j e c t  ( i n  t h e  sense of 

p a r a ,  13). i s  t h e  r e l a t i o n ,  e q u a t i o n  (.27), between t h e  

v a r i a t i o n  i n  h e i q h t  n, =. q,. ( z)' of the  pro r" i1e  e l e m e n t s  

and t h e  v a r i a t i o n  of t h e  d e p t h  .2 c = 2 c ( 3  of t h e  p r e s s u r e  

surface,  I? i n  e q u a t i o n  (27) i n a e i n e d  as b e i n g  r e p l a c e d  by 

2c a c c o r d i n g  t o  e q u z t i o n  (22) 

m. 
irie v e l o c i t y  v n  cf i! p z r t i c l e  x, z o f  t h e  

surface, o w i n g  t o  .the s u p p o r = i n g  l i n e  r,c =, r t  ( c 1 

and ov:ing t o  t t e  sL:face of v o r t i c i t y  

c a l c u l a t e d  d i r e c t l y  by  Gzlmhoitz '  r e l a t i o n  ( f i g ,  17) 

S i n c e  t h e  f l u i d  i s  a p p r o a c h i n g  f r c n  i n f i n i t y  a t  

v =. u- a t h e  e l e v a t i o n  rl of a p a r t i c l e  i s  

1 --- ' c  d C may De 
d C  

d X  

d t  

P u t t i n 2  i n  v, and i n t e g r a t i n q  we gc-tb. 

Thi. f i r s t  term k o r r e s p o n d s  t o  t h e  s u p p o r t i n g  l i n e ,  '..;:e 



i- 

4 X j3P  

Compared w i t h  t h e  Elow p a s t  t h e  p l a t e  of f i n i t e  

vj idt3,  the f low i n  t h e  r e g i o n  of t h e  p r o f i l e  c r o s s - s e c t i o n  

as may bo  shown, i n  t h e  immedia te  v i c i n i t y  of  t t i e  p r o f i l e  

(b >XI. t h e  form of t h e  s u v f a c e  i s  a p p r o x i m a t e l y  t h e  same 

2 s  in t h e  two-dimensional  problem: Z o n s e q u e n t l y ,  ( f i e o  le).: 

. .  . -- - ___.I - --1-11- __ --. ---_ -- --_I.___._-. - . . _ _  ~ 

Ey t h u s  patting 2c d o u b l y  s n a l l  cumnparp,d wit$ b, w!AAGh 

i s  n e c e s s a r y  b e c a u s e  o f  t s q a a t i o n s  ( 2 4 )  and (26)., i t  may 

b e  a n t i c i p a t e d  t h a t ,  wiei; finite s p a n s  l a r g e r  d i s c r e p a n c i e s  

w i l l  a r i s e  t h a n  i n  t h e  case 0 2  F r a n d t l ' s  a e r o f o i l  t h e o r y ,  

On t h e  o t h e r  hand t h e  assumption b.9;. x does n o t  a p p e a r  t o  

be too r e s t r i c t i v e ,  s i n c e  even  f o r  x L -t c o r  ior 

x g - 1.3 c t h e  e l e v a t i o n s  y of *the f r e e  surfa.:e f o r  

i n f i n i t e 1 . y  wide a e r o f o i l s  a r e  h a r d l y  d i f P e r e n t  from 

t h o s e  gil ien by eqiiation (26); 

% o r  x =, !I t h e  second inZIegra1 of equation ( 2 3 )  gives  

n = -.-_ ~ . --;he term x Bp may b e  added n i t h o u t  

m a t b f m a t i c a l  p roo f ,  s i n c e  gr beyond x =. 3 is, con t inuous . .  

. 
. -  

E I 
Y 

b 

3n v 
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j 
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There i s  stLl.1 t h e  r e s i s t a n c e  Po b e  c c n s i d e r e d ,  ! J s inc  
d h  -- e t o  d e n o t e  -&e l i f t  theas s i n c e  t h e  f o r c e  
c i z  
i s  i n c l i n e d .  a t  5 a i  ever? p o s i t i o n ,  the r s s i s s a n c e  is 

The first component ,  as i n  t h e  czse  of t h c  ?ercfoj.12 

z o r r e s r o n d s  Lo th:: kirreti ic enerC57 of  Li!e w z x ~ r  aoviri< 

"dcmwards ' '  b e h i n d  t h e  s l i d i n $  su r face ,  T h e  s e c o n d  i s  

used f o r  the p r o d u c t i G z  r ~ f  t h e  s p l a s h  water, This 

component  c a n  b e  avoided by c a a b s r i n g  t h e  p r o f i l e ,  

% E L The last term in tils brackets, V L Z  1, i n  accordance 

I 

__  ____-_ ~ .__I--y--- up--------.------------------ --- 

wi th  our limiting case i s  small colopared w > t h  t h e  

f i r s t  tvio terms. I t  ceects r i g t i t ,  ~ c J w & v ~ ' ; T ,  t o  'cake 



38,: 

I f  the bottom ( i n f i n i t e l y  f l a t ) '  i s  k e e l e d  and 1. -3 Qi -- - 
2 . C  
i f  t h e  vratcr i n  t h e  forwar2 p o r t i o r i  of  the slidin? s u r f z c c  

requires a l e n E t h  i ~, i n  or.der 'co reach the l a t e r a l  e d q e  

in a Z i u i G  ex-iecdinc in 2x1 d i r e c t i o n s  p e r p e n d i c u l a r l y  to 

its p l m e  a t  a v e l o c i t y  V,, t h e  b e h a v i o u r  of  the sur roucdin ;?  

.,7 rvcrtsr .? mzy b e  reduced t o  t h a t  o f  8 niass o f  water c a r f i e d  

is p r o d u c e d  every  second an a n  e2c;nent of ?.endt,k l i p  tire 

p r o d u c e s  t h d  s l i d i n p  fo rce  P of t h e  same v a h e .  

I n  the case of tltc i n f i n i t e 1 . y  f l a t  k e e l e d  

toiton, e v e r  ~ h c  element l a #  the pressure d i s t r i b u t i o n  

w i t h  V, = V i 3  and  d V,/d t =, - Y2' 
e q u a t i o n  (45):;. 

inclination of  t h e  bottoi9: p =. - 

dB -- 
ciz 

is ? i v e n  by 

b s b i n d  1,pressures o n l y  appear w i t h  v a r i a b l e  
r--- 

p v2 I- dB J /C"  - x= ~ ' 

d 2  

POP the  p r o c i a c t i o n  of t h e  onercy r m a i n i n g  in t h e  water 



A .  CEDU a a g l e  6 i o  t h e  r e e i o n  I,  i s  reauced, t b f s  l o s s  o f  

mer$:: i s  reduced  i n  t h e  same measure and eventua1l .y  

avoidad 21 t oge the r ,  The distribution of t h e  forces  and 

';he r e s u l t ; l n t ,  P are  c h c m  far C ccises in f i p e  19. 

r,s * a -  ,,,,vLng . ~ p n a r d s  L G ~ J W ~ S  the S o t t o n ,  i rxag ined  aB & %  rest 

<fiqoa)e. Let the v e i o c f t y  V -  of t h e  vrater a t  i n f i n i t y  b e  

d i v s n  a s  i P u n c t i o n  of the time :. V =. v (%I. ,  
I n  this i n p a c t  process, t h e  velocity 2 t  t h e  

fres s u r f a c e  i n  the p r i n c i p a l  r e g i o n  i s  d i r e c t e d  vertically 

( - J ~  ==. 3 ) -  The velocity a t  the bottom drops i n  t h e  

d i r e c t i o r ,  o f  t h e  bottor; ,  T h e  flour (fi?. 23)  u n i q u e l y  

!:tvea by  these boundary c s n d i t i o n s  Is in ( i n f i n i t e l y ) .  

closo a2aeement w i t h  %ha  f l cu  of a f l u i d ' e x t e n d i n g  t o  



d.E 

d c  
ws may p u t  d t =, -- ., d c t h ~ s  (owing t o  upcfo below):.: 

A t  t5ze moaent, r h e n  the water p a r t i c l e  e t  p o s i t i o n  x 

reazber, t h e  contcl;r of t h e  pressurs  su r face ,  c has  become 

= x and 'I; =. q b  ; 



The so lut ion.  of s q u a t ' i o n  (24) i s  t hen  w r i t t e n  

i n  the form ( t r i a l  b y  s u b s t i t u t i o n  :) 

if V n  i s  now given, f o r  e x a n p l e ,  as function of 

t, c =. c (t) may b e  determined by equa3ion (351, namely 

C t 

0 0 
E u (e): d c =. I V n  (t) d t (37) .: 



n l o  do-lernize t h e  force I? on 

i s  zsstlned as b e i n g  i n i t i a l l y  8 %  r e s t  and t h e  body moving 

r e l a t ive ly  to t h e  I f l u i d  a t  the v e l o c i t y  k' =. V (%lo 
The HmcmenLuz'' of t h e  Elufd is 

R 
B = - p e * V  

2 

Ey d i f f e r e n t i a t i o n  vri-th respect to L, u s i n g  equat ion  (35)  

we 

vz a dV 
P = . n  c c - - - + - p c 2 -  

.u 2 d t  

Tor t h e  special CZSB ;vhsn a. bodjr of ;:iven mass 

E a i t h  i n i t i a l  v e l o c i t y  Yo s t r i k e s  t h e  water, t h e '  

nommtna of t h e  f l u i d  ( e q u a t i o n  39) i s  put as equal  t o  

, t h e  momentura a (Vo. - V) <iven np by t h e  body, and vire get 



P. .- uo e 

i t  may be of  In te res t  Lo detsraine t h o  _For% 
- 

!:'hich shoui8 be g i v e n  t o  t h e  b o t t o n  i n  t b e  c a s e  of a body 



pi) T iue 1a-i terra, due t o  t h e  square of the v e l o c i t y ,  i s  

I z f i z i t e l y  s m 2 1  compared v ~ i t i i  t h e  f i r s t  two teras which  
2 q  

a t  
dca *lo - ( t h i s  does  eot h o l d  €or  t h e  region of 

t h e  spls .sh r o o t )  L 

For  t h e  case of tb.e i m p a e t  or" a body of g i v e n  

DBSS n, we o b t a i n  f r o n  e q u a t i o n s  (4x1 and (4311,: 

i- 1 

'?he f i r s t  terE due t o  ci c/d t, g i v e s  l a r g e  

p o s i t i v e  p r e s s u r e s  a t  t h e  edge of  t h e  p r e s s u r e  s u r f a c e ,  

whereas t h e  second term g i v e s  n e g a t i v e  p r e s s u r e s  w i t h  

elliptical d i s t r i b u t i o n  p r o d u c e d  as 8 r e s u l t  of t h e  f a c t  

\ 

t h a t  simultaneously w i t h  ths'  body, t h e  water is mta rde2  

i n  t h e  c o u r s e  of t h e  impact ,  S i n c e  t h e  pressures at t h e  

c e n t r e  of 'the body c o r r e s p o n d i n g  t o  t h e  f i r s t  term are 

agelatively sEa11, it i s  h i g k 1 ~ -  p r o b a b l e  that ,  in cases 

o c c u r r i n g  i n  przctice t h e r e  w i l l  b e  n e g a t i v e  p r e s s u r e  a t  

t h e  c e n t r e  of t h e  bottom, whilst a t  the edge of' t h e  p r e s s u r e  

snrfsce vary la;.ge p o s i t i ~ e  p r e s s u r e s  which, t a k e n  i n  





1s is seen t h a t  B f l a i d  x o t i o n  w i t h  centre of 

5i:2ili 'Ludc (c f .  p a r a  16). is produced, $he l a t t e r  b e i n g  :he 

p o i n t  of t h e  o r i z i n a l  snrfacc a t  # h i &  t he  s t e p  touched  



r~tion corresgonds t o  a surface of v o r t i c i t y  z i t h  veloci'ty 

;ucp \i = 2 vt. 

5 s  Lavariable i n  time (Theoren 5), but owing to tha 

Since t h e  vaiue of u a t  every pos i t ion  

c i n f l i t n d e ,  the c&r'culazios shout t h e  surf ace of v o r t i c i t y  

and %he l e n g t h  ths l a t t c r  increase vrith tiaa, t$e value 
\ 

z =. 2 Y %  of t h e  d i s c o n e i n u i f y  OD t h e  portion 

cast also b e  constant in plsce .  

x,: 3 x g c 

In order Go deteraine t h e  velocity f i e l d  it i s  

caccssarg first to knori t h e  r e l a t ion  between and. u, 3 

"'I In'a"igo 25 t h e  co-ordinates of t h e  i n d i v i d u a l  vortex 

fifarrtents are denoted  by E and the c i rcu la t ion  about % ' 

f i lemen% by u d E,: In t h e  conformal transformation of the  . 

p l a t e  floM about  a cyl inder  a l l  q u a n t i t i e s  are denoted by 

- 

the capital l e t t e r s ,  14ailleiy. 8 %  

The v e l o c i t y  f i e l d  i s  d i v i d e d  i n t o  the two 

f i e l d s  I and 11, 

II: ~ r o n  tAa anttioTFs papet ,  I O C . :  cit, equation fs):, 
equation (54): i s  obtainad dipect ly  w i t h  tba notat ion 

for u = const, The Q ~ O ~ S S S  h a s  been repeated bere 

in such 2 mas. x thsk t h e  veLocities v, a t  the free 

I 

1 

' surface are also  obtaieer l  (equation 55)..: 

9 1 a  c,f, Waener, lot; cit; equation (41 -  



43 

Be 

,'d 1 
- * .  

d x  d X  
i s  therefore  nuitiplied by d -- accord iag  t o  e q u a t i o n  

, 

A t  t h e  s l i d i n g  edge, for X -73 :. 



mils t ho ld ,  \Te introduce Vn, zccording to t h i s  equzt ion 

i n t o  (63) and. w i t h  (szj  for^ vll = v n l  + v n ~ ~  

The elevations q m-e n o s t  easily Ca lcu la t ed  b y  

e q u a t i o n  (75)., where i n  t h e  l f a i t i n p  case s =. xo + x-. 
, T i . - -  f o r  ex i inp le ,  i n  t h e  r s g i o n  of n e g a t i v e  x ' :  







respect %o L 

t t 

.. I 
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5 f ,  I 

( 3  3): .: 

T&e imroersion a l 5 ~  of a knife-edge w i t h  variable  c x t t i n g  

angle acg bo c~e te r~ i i : sd  iig !m:~i ls  sf superpositibn frwi 

FuriY?ir?r, ES in' p s r a ,  14, the irrpact 

~ i t h  given az,s"o can be calculated,  



by a kaonr? c i r c u l a t i o n  - free velocity f i e l d  

d s t e r n i n 6 6  wi th  knorvr- v e l o c i t y  V, a t  t h e  sarface- . 

of t h e  a e r o f o i l  and w i t h  known d i s c o n t i n u i t i e s ,  

the l a t t e r  ba ing  preseot  i n  t h e  p r i n c i p a l  p l a n e  

a s  surfaces 09. vorticity of  the i n t e n s i t y  
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A well-worn semi-legible copy of such a translation is available in 
the Caltech library, containing the stamp of NACA library, Langley 
Laboratory, and containing a number N-23507, with a note "translated 
in 1936, and with the title 

"Phenomena Associated with Impacts and Sliding 
on Liquid Surfaces" 

Your cooperation is appreciated. 

Sincerely yours, 

VEHICLE RESEARCH CORPORATION 

"--, e-"- 
' u e v r a  

Scott Rethorst 
President 

SR:mp 


